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THE MOSCO CONVERGENCE OF DIRICHLET FORMS 
APPROXIMATING THE LAPLACE OPERATORS WITH THE DELTA 
POTENTIAL ON THIN DOMAINS 



HIROTOSHI KURODA 

Abstract. We consider the convergent problems of Dirichlet forms associated with the Laplace 
I operators on thin domains. This problem appears in the field of quantum waveguides. We study 

that a sequence of Dirichlet forms approximating the Laplace operators with the delta potential 
(~| ' on thin domains Mosco converges to the form associated with the Laplace operator with the 

^ , delta potential on the graph in the sense of Gromov-Hausdorff topology. From this results we 

can make use of many results established by Kuwae and Shioya about the convergence of the 
00 ' semigroups and resolvents generated by the infinitesimal generators associated with the Dirichlet 

CNj , forms. 
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1. Introduction 



In this paper we consider the Mosco convergence of energy functionals associated with Laplace 
operators in thin domains with respect to the Gromov-Hausdorff topology. Roughly speaking, 
we define thin domains fi^, which sometimes called fat graphs, a simple graph G = (y,E) 
and take some suitable weighted measure dfis on Q^. Here we call the simple graph if the 
CN ■ graph has only one junction point (see Figure 1). Moreover we define the energy functional ips 

associated with the Neumann Laplacian on the thin domain i}^. These notations are defined in 
I section 3.1 and 3.2. Our main topic is to prove that the energy functional sequence {^Pe} Mosco 

'sj" ■ converges to the functional (p associated with Kirchhoff type Laplacian on the graph in the sense 

of Gromov-Hausdorff topology. These definitions of functionals ips and ip are given in section 



^ ■ 3.3. 

o 



Many mathematicians studied quantum waveguides under various boundary conditions. First, 
Hale and Raugel [6J considered the squeezing problems in thin domains. Recently, Bouchitte et 
al. [3] showed the Mosco convergence of the energy functional sequence associated with Dirichlet 
Laplacian on thin tubular domains in the case which the graph is only one finite space curve. 
Kosugi [8j considered the convergence of solutions to elliptic equations with Neumann boundary 



■ conditions on thin domains. Kuwae and Shioya [lOj proved that the Mosco convergence of 

the quadratic forms implies the convergence of the semigroups and the resolvents of self- adjoint 
operators associated with these forms. So our results are more convenient to apply to the problem 
in the quantum physics. We refer the papers [Ulllj for more details about F-convergence, Mosco 
convergence and their applications. Also many researchers considered the Dirichlet boundary 
problems in thin domains [21 \5\ [Tl]. In this Dirichlet problems more complicated structures 
appear in the gluing conditions at the vertices on the limiting graph. 

We explain the table of contents in this paper. In section 2 we recall ideas about the Gromov- 
Hausdorff topology established by Kuwae and Shioya [10]. In section 3 we prove that a sequence 
of thin domains converges to a graph with respect to the Gromov-Hausdorff topology and define 
energy functionals on the space of all square integrable functions on thin domains. In section 
4 we prove that our energy functional sequence satisfies asymptotic compactness condition. To 
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obtain the continuity of the hmit function on the graph is most difficult part in this story. 
In section 5 we consider our main theorem that Dirichlet forms, which associated with the 
Neumann Laplace operators added the potential function approximating the delta function, on 
thin domains Mosco converges to Dirichlet form, which associated with the delta type Laplace 
operator. In this paper we treat a simple graph to avoid the complicated notations which may 
disturb to understand essential ideas. For that reason, we remark that our method works about 
more general network shaped graph in last section 6. 

2. Preliminaries 

We recall some definitions and propositions about Gromov-Hausdorff topology introduced by 
Kuwae and Shioya [10]. We refer to that paper for more details. 

First, denote by A4c the set of isomorphism classes of triples {X,p,m), where X is a locally 
compact separable metric space such that any bounded subset of X is relatively compact, p & X 
and m is a positive Radon measure on X. Let A and B be any directed sets. 

Definition 2.1 (cf. pXH Remark 2.2]). (measured Gromov-Hausdorff convergence) We say that 
a net {{Xa,Pa,^a)}aeA of spaces in M.c converges to a space {X,p,m) G A4c in the sense of 
pointed, measured, and compact Gromov-Hausdorff convergence if and only if there exist nets 
of positive numbers {ra}a<=Aj {^a}«e.4 ^.''^d {ea}aeA such that ra,r'^ /■ oo, Sa \ 0, and rua- 
measurahle maps fa '■ B{pa,ra) — )• B{p,r'^) called e a- approximations for a ^ A, such that 

\d{f aix), fa{y)) - da{x,y)\ < for any x,y e B{pa,ra), a e A, 

B{p, r'^) C B{fa{B{pa,ra)),ea) for a e A, 
lim / uo fa dnia = I udm for any u G Cq{X), 

where da, d denote the distance functions on Xa, X, B{A,r) the open metric r-hall of a set A 
in a metric space, and Cq{X) the set of real valued continuous functions on X with compact 
support in X. 



Definition 2.2 (cf. [101 Definition 2.3]). {L? -strong convergence) Let {{Xa,Pa:fna)}cteA ^6 a 
net of spaces in A4c and {X,p,m) G M.c be a space. A net {ua}a€A with Ua G L'^{Xa,ma) 
is said to strongly L 

)}aeA converges to 

{X, p, m) with respect to the pointed, measured, and compact Gromov-Hausdorff topology and if 
there exists a net {ufs}/3eB of functions in Co(suppm) tending to u in L^{X,m) such that 

lim lim sup W^aUfB - Ua\\L2(Xo,,mc,) = 0, 
P a 

where fa '■ B{pa,ra) — )• B(p,r'^) are e a- approximations, and for v G Co(suppm), 




vofa on B{pa,ra), 
on Xa\B{pa,ra). 



We define the Hilbert spaces Ha '■= L'^{Xa,rna) and H := Lp'{X,m) and assume that 
{{Xa,Pa-,rna)}a<^A Converges to {X,p,m) in the sense of Definition 12.11 We remark that we 
can define the following concepts for general Hilbert spaces, but in this paper we need only 
spaces. More general definitions are treated in |10j . 

Definition 2.3 (cf. [10, Definition 2.5]). {L'^-weak convergence) We say that a net {ua}aeA 
with Ua G Ha weakly converges to a function u ^ H if 

lim {Ua,Va)Hc, = {u,v)h 
a 

for any net {va}aeA with Va G Ha tending strongly to v ^ H. 
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Next, we recall properties about quadratic forms on Hilbert spaces. 

Definition 2.4 (cf. [IQl Definition 2.8]). {T -convergence) We say that a net {Fa : Ha ^ M := 

M U {zizoo}}aeA of functions T -converges to a function F : H ^ M if and only if (Fl) and (F2) 
hold: 

(Fl) // a net {ua}aeA with Ua G Ha strongly converges to u ^ H , then 

F{u) < liminf Fa{ua)- 

a 

(F2) For any u ^ H there exists a net {ua}aeA with Ua G Ha which strongly converges to u 
and 

F{u) = lim Fa{Ua)- 

a 

Definition 2.5 (cf. [10^ Definition 2.11]). {Mosco convergence) We say that a net {£a}aeA 
of closed quadratic forms with £a on Ha Mosco converges to a closed quadratic form £ on H if 
and only if both (F2) and the following (Fl') hold: 

(Fl') // a net {ua}aeA with Ua & Ha weakly converges to u £ H , then 

£{u) < liminf £a{ua)- 

a 

Definition 2.6 (cf. [lOl Definition 2.12]). (Asymptotic compactness) The net {£a}aGA said 
to be asymptotically compact if for any net {ua}aeA such that Ua S Ha and limsupo, {£a{ua) + 
||mq,||^^) < +00, there exists a strongly convergent subnet of {ua}a€A- 

Lemma 2.7 (cf. \10\ Lemma 2.15]). Assume that {£a}aeA '^s asymptotically compact. Then, 
{£a}aeA ^-converges to £ if and only if {£a}aeA Mosco converges to £. 

Definition 2.8 (cf. [1U\ Definition 2.13]). (Compactly convergence) We say that £a ^ £ 
compactly if {£a}a€A Mosco converges to £ and if {£a}a€A is asymptotically compact. 

Lastly, we recall the relations between the convergence of densely defined closed quadratic 
forms £a and a behavior infinitesimal generators Aa associated with £a. For a densely defined 
closed quadratic form f , A, {Tt}t>o and {R(^}c^^p(A) denote the infinitesimal generator associated 
with the instead of the strongly continuous contraction semigroup, and the strongly continuous 
resolvent, that is R(^ = {A — 0~^: where p{A) denotes the resolvent set of A. 

Theorem 2.9 (cf. [101 Theorem 2.4]). The following are all equivalent: 

(1) f Q, — > with respect to the Mosco topology (resp. £a ^ £ compactly). 

(2) i?" strongly (resp. compactly) for some C < 0. 

(3) T" — > Tt strongly (resp. compactly) for some t > 0. 

3. GrOMOV-HAUSDORFF CONVERGENCE OF THIN DOMAINS 

3.1. Notations about graphs and thin domains. 

We write a point x G M" like x = *(xi, x') G M x M"^^ = M" and denote by O the origin. 
Let G = {V, E) be a graph where V is the set of all vertices and E is the set of all edges as 
follows: 

V = {0,v,\j = 1,...,N}, E = {ej = d^,\j = l,...,N}. 

Ij G (0, +oo) denotes the length of ej for j = 1, . . . , N. We identify each edge ej by an interval 
(0, /j) = {s G M I < s < Ij}. Throughout this paper s is the coordinate of the graph. Moreover 
dfj, denotes the 1 dimensional Lebesgue measure on the graph G. 
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Next, we define a thin domain fig. For j = 1, . . . , A^, we take an orthogonal matrix Rj G 0{n) 
satisfying 



det Ri 



1, 



Rja = I J ^ Ovj, 



(3.1) ...... 

where a = *(1, 0, • • • ,0) S M" is the unit vector. Firstly we define tubular domains Dj^e as 

Dj^e ■■= {x = RjV G I d < yi < /j, \y'\ < e}, 

for e G / := (0,eo] and j = 1,...,A^. Here we take positive constants I and Eq such that 
Di^^ n Dj^e = for i ^ j and e (z I. Now, we shall denote by the normal section of the 
tubular domain -Dj,£, that is 

(3.2) Br := {y' G M"-^ | < r} 
for r > 0. 

Secondly we define a part of boundary dDj ir as follows: 



{x = RjyeW\yi = lj, \y'\<e}, 



r;., := {x = Rjy G M" I yi = el, \y'\ < e}. 
We use the following notations Dj , Fj , . . . instead of -Dj,eo i Tj^eg , . . . for simplicity. 





Figure 1. graph G 



Figure 2. tubular domain D 



3,s 



Thirdly we fix an open set J in M"' satisfying the following conditions: 



O G J, JDDj 



dJndDj = T'^ forj = l, 



yj — iJ, I I 'y^j 

and we define a domain 0, in M" and a part of its boundary S as 

N N 
n:= JuljDj, S:=50\|JFj. 

i=i i=i 

Now we suppose that the surface S is C"^. 

Lastly we define a family of thin domains for e G / as 

N 

(3.3) Je := {x = {e/eo)z G M" | z G J}, 0, := J, U J Ll.,,, 

i=i 

We remark that the boundary is also and = G. 



TV 



:= 517, \ IJ F,- 



By the definition of domains we obtain that the volume of each domain is 



(3.4) 



\Jr. 



(e/eo)"VI = 0(e"), 



\D 



{Ij — el)oje 



n-l 



0{e 



r^-l^ 



where w denotes the volume of the (n — 1) dimensional unit ball Bi defined by (j3.2p . 



THE MOSCO CONVERGENCE OF DIRICHLET FORMS ON THIN DOMAINS 



5 





Figure 3. thin domain Qe 



2,£ 

Figure 4. boundary d^e 



3.2. Proof of the convergence of thin domains. 

We define a Radon measure dfie on ^l^ for e G / as 



(3.5) 



1 



n~l 



dx, 



where dx denotes the Lebesgue measure on M". 

We define projections {/e : 0,^ G}eei as follows. First, we fix a continuous function 
f -.J ^ G nl such that 

Range(/|rO = Gnr;., 

where J is the closure of J. Next, we define a continuous function fi^-.Qi^^G for e € / as 

— / (—x) if X e Je = ie/eo)J, 



feix) :-- 



-Ki{Rj'^x) if X G Dj^e 



where vri : R" — )■ M is the orthogonal projection with respect to the first component, that is 

■^i{y) = vi- 

Proposition 3.1. (Gromov-Hausdorff convergence of thin domains) The sequence of 
pointed measured spaces {(J^e, O, (i/Lie)}£g7 defined by 113. 3\) and i3. 5|) converges to the pointed 
measured space (G, O, dfi) as e ^ +0 in the sense of pointed, measured and compact Gromov- 
Hausdorff topology. 

proof. For any test function € Co(G), we consider the following limit 



By the definition of dfie, see p.Sp . at the first term of (|3.6p we have 



(3.6) lim 



(V'o/e)(x)(ix > . 



tp° fe dfle 



< 



\Je\ 
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then 

(3.7) lim / ijof,dfis=0 

holds because of (j3.4p . 

At the second term of (13. 6p . ^pj = ip\ej denote the restriction to each edge ej. By the 
transformation of variables x = Rju we obtain that 

1 1 



^ / {-iP ° fe){x) dx = -—Y / tpj{yi)dy 



el 



Hence 



(3.8) lirn^-J— I (V^ o /,)(x) dx = / i;,is)ds 



holds for J = 1, . . . , A^. 

Since ()3.6p . ()3.7p and ()3.8p . we get the following limit condition: 

lim^ y ip o fe dfjLe = + y ipj{s)ds = J ijjdji 

for any -0 € Cq{G). Therefore the proof is completed. □ 

3.3. Definition of energy functionals on thin domains and graphs. 

Let V G Co(M") be a nonnegative valued function with suppF C ^q^^J- We define a constant 
Cv and a functional sequence {Ve}e&i on as 



Cy := i / Vix) dx 





and 

Ve{x) := -V for x G M". 

Here the function Ve has the compact support in J^. 

Next, we define functionals ^pf, ^p^ , : ^^(17^, d^Ue) — )• [0, +cx3] as 



(u^) := 



I +CX3 otherwise, 



(3.9) ^,(n^):=^f(n-) + ^r(^^) 

for e € /. Also we define functionals ip^ , ip^ , ip : L'^{G) — > [0, +oo] as 

( N „/- 

(^^(V^) := <; 



N „i- 

V I W,{s)\^ds if VG^HG), 
,=1-^0 



+00 otherwise, 
Cy|V^(0)|2 if ^l:eH\G), 
+00 otherwise. 
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(3.10) (/p(^) :=(p^(^)+(/p^(V') 

where ipj is the restriction to each edge ej. Here we define functional spaces on G as follows: 
L\G) := {V^ : G ^ C I G L^ej) forj = l,..., N}, 

H\G) := {i; G C{G) \ i;j G H^e^) forj = l,..., N}, 

where C{G) is the set of all continuous functions on G. 

In this paper we prove that Mosco converges to as e — >• +0. This statement is our main 
theorem. We discuss more details in section 5. 

4. The compactness condition 

To prove the F-convergence of our energy functionals, we have to study the behavior as e — >• 
of any functional sequence {u^}eg/ with G L^(0£,d//e) satisfying the following condition: 
there exists a constant M > such that 

(4.1) sup {^^{u') + |ln^||i2(f,^,,^^)} < M. 

To do so, we divide the thin domains and consider the problem on each junction domain and 
tubular domain Dj^e separately. 

4.1. In the tubular domains. 

First, we consider the behavior of {u^}e€i in the tubular domain Dj^^. It is convenient to 
study the problem in some domain independent to e. So we define a fixed tube Qj in as 

Qj := (OJj) X Bi 

and define a functional sequence {if^jeg/ C L?'{Qj) as follows: 

(4.2) w]{y) := u%Rjae(y)) for y G Qj, 

where Rj is the orthogonal matrix satisfying p.ip and : Qj {el, Ij) xB^is a. transformation 
of variables defined by 

(4.3) ae{y):='{^-^^yi + el,ey'^ for y = *(yi, y') G 
It is easy to calculate the Jacobian of the transformation of variables a^: 

^7 



det(Vae(y)) = (/,•-£/)/-'£"-' 



Lemma 4.1. Suppose that a functional sequence {n^j^g/ with G L?'{^£,diXs) satisfies the 
condition |^.i[ ). Let {Wj}s(^i be the functional sequence defined by ^4-^ - Then the following 
properties hold. 

(1) For j = 1, . . . , N , it follows that 



lim [ \Vy>wUy)\^dy = 0, 



where Vyi means the derivative with respect to y' , that is |Vy'Wj(y)p = 

i=2 



2 



(2) There exists a subsequence {w^j'^ j'^^i of {Wj}s^i such that {w^'"}^^^ converges to some 
function i/jf = V'f (s) G H'^{0, Ij) in L?{Qj) for j = I, . . . , N , that is 



lim 



\w'."^iy)-ijfiyi)\^dy = 0. 
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proof. By the transformation of variables y = ^^^j ^"^^ defined by ()4.3p . we obtain 



U 



\Vx'U^{x)\'^ dx 



Ij — el 

< 

Ij — el 

since the condition (j4.ip . So the claim HTTl (1) holds. 
Also by the similar calculations we have 

2 



dyi 



dy 



(4.4) 



and 



Ij — el 

I, 



dxi 



{x] 



dxi 



dx 



\w'j{y)\'^dy 



U 



{Ij — el)e 



n-l 



< 



Ij — el 

ljUjM 
Ij — eol 



From these calculations, {if^jeg/ is bounded in H^{Qj). Therefore there exist a subsequence 
{em}m=i ^rn \ and a function 111°° € H^{Qj) such that 

strongly in L'^{Qj 

^2/ 



W 



J 



^ Vwf weakly in L^{Qj), 



as m —7- 00 for j = 1, . . . , N . Because of Lemma 14.1( 1). it follows that 

> in L^iQj) (m — )■ 00 , 



then Vy/Wj" = 0, which in terms implies that we can take some function ipf" = iljf{s) G H^iO,lj) 
satisfying 



(4.5) 



<(y) = V'r(yi) foi- y^Qr 



This function ijj^ satisfies the claim in Lemma |4.1( 2). 



□ 



Next, we prove that the function is the limit of u^™ in the tubular domain Dj^^^ as 
m — >■ cx). 

Lemma 4.2. For each j = 1, . . . , N , the functional sequence {u'^"^}'^^i converges to the function 
defined by ( [^.5p in the tubular domain Dj^^^ as m 00, that is 

lim / \u'--i;]°of,J^df,e^=0. 
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proof. By using the transformation of variables x = Rja^{y), it follows that 
(4.6) =^ Hf[y) - V'f (ai,myi + £ml)\^ dy 



< 



2a 



'j,Tn 



h 

w'j"^{y) - V'f (yi)l' dy + 2aj,m I (s) - (a.-^s + e„,l)\^ ds 



3 







UJ 

where a constant aj^m is defined by 

(4.7) aj^rn ■= {Ij - £ml)/lj 

and converges to 1 as m — )• oo. 

Since Lemma lO (2) and -i/'f" G H^i^Jj) C C{[0,lj]), the right hand side of (fOI) converges 
to as m ^ oo. Therefore we get the conclusion. □ 

Hereafter we take the subsequence {u^™-}'^^^, which satisfies the claim in Lemma l4.ll (2), of 
{it^leg/. So we obtain the limit functions {tl^°°}jLi on edges. Next we consider the connecting 
conditions at the origin O about these limit functions. 

4.2. In the junction domain. 

Next, we study the behavior of {u^}s£i, which satisfies the condition (j4.ip . in the junction 
domain J^. Especially we consider the continuity of the limit function at the junction point O. 
To do so, we fix a constant a € {l,inmlj /eo) and define 

TV 

:= {x = Rjy eW\el<yi< ea, \y'\ < e}, := J, u |J 

i=i 

for e G / and j = 1, . . . ,N. Next, we define a fixed domain J*^ as J" = J" and a functional 
sequence {v^}sei C L'^{J"') as follows: 

(4.8) v'{z) := u^ez) for 2 G J" = e" 

Since the junction domain squeezes to the origin O, we expect that the functional sequence 
{v^}e£i converges to some constant as e — > +0. 

Lemma 4.3. Suppose that a functional sequence {u^jgg/ with G ^^(rig, d/Xg) satisfies the 
condition (4jj^- Let {v^}^^j be the functional sequence defined by ( f^.(g| j. Then the following 
properties hold. 

(1) It follows that 



I 

(2) There exists the sequence {Cejee/ such that 



lim / \Vv''(z)\'^ dz = 0. 



lim / Iv^z) - dz = 0, 

where is defined by 
(4.9) ^^,= 1_ j^yi^,)dz. 
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proof. By using the transformation of variables z = e~^x, we have 

\Vv%z)\^dz = ^ I \Vu'{x)\^dx 

< Muje. 

So Lemma 14.31 (1) holds. 

The complex number denotes the mean value of in J"^ for e G /. Then we obtain the 
claim in Lemma 14.31 (2) by using the Poincare inequality and Lemma 14.31 (1). □ 

4.3. Continuity of the limit function. 

In this part we mention that the limit function {-0?°}^^ belongs to the effective domain of (p 
defined by (f3lB . 

Lemma 4.4. Suppose that a functional sequence {n^jeg/ with u'^ G L?'{VLf,,d^fr) satisfies the 
condition ^.1^ . Then there exists a subsequence {n^'=}^;^ of {n^jeg/ and a function G 
H^{G) satisfying the following condition 

(4.10) lim / \u"'-i,'=^of,fd^le,=^. 



fcl "-Pefc 



proof. First, we take a sequence {em}m=i ^ i^m \ 0) such that all claims in Lemma l4.1l and 
Lemma 14.31 are satisfied. 

To show that ip'j°{+0) is independent to j, we consider the following limit: 

where {^e} is the sequence defined by ()4.9p . Here, we have 

— / \i;^is)-C,j'ds 
1 

/ ; Id 



(4.11) =^ I , L \^r(y^)-^sj'dy 



/ (.\i^T{T^lRj'x)-u'-^{x)\^ + \u'-{x)-^sJ^)dx. 

We know already that the second term of the right hand side of (14. lip converges to as m ^ cxd 
because of Lemma 14.31 In fact 



(4.12) ^ [ \u'"^{x)-(ej'^dx< [ \v'"^{z) -(.J'^dz (m^oo). 

At the first term of the right hand side of (14. lip , we use the transformation of variables x 
Rjo^smiy)- Then 

^ [ \ijf'{TTiR-'x)-u'-{x)\^dx 

(4.13) 



£m JO JB 



iV'f (oj, ^yi + e^l) - w'f{y)\^ dy'dy 
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where aj^rn is the constant defined by ()4.7p . By taking a new coordinate s = -^^^f^, the right 
hand side of ()4.13p equals to 

(4.14) 

where 




JBi 



gm{s) ■■= em{{a - l)s + I}, hm{s) := aj)n^m{a - l)s. 
Firstly, it follows that 

(4.15) hm /Vr(5m(s))-V'f (0)p(is = 

since £ ^"([0, and gm{s) — > as m — > oo. 

Secondly, C H^{Qj) is bounded, then {wj"'\aQ^}'^=i C H^dQj) is relatively 

compact in L^{dQj). So tf^^lag converges to w'j^lsQ. in L?'{dQj). Therefore we get 



(4.16) 



lim 

m— >oo 



Si 



|^f(0)-«;^^™(0,2/')rdy' = 0. 



Thirdly, we have 




JBi 



\w'f^{Q,y')-w'f^{hm{s),y')Vdy'ds< / / h^{s) 




hm{s) 



dy 



J Bi 



< aj,m£m{a - / s 

h JBi Jo 



dw' 



drdy'ds 

2 



< aj^m^mia — l)ujM 



dyi 



dyi 
dy 



drdy'ds 



since (j4.4p . Therefore we obtain 

(4.17) lim [ [ 

"^^"^ Jo Jbi 



\w'^^{0,y') - w'^"^{hM,y')\ dy'ds = 0. 



From (|4T4l) . (f4T5]) . ([4T6]) and (fiTT]) . it follows that 
(4.18) lim — [ IV^rK^^^x) -n="(x)pdx = 0. 



So the following limit 
(4.19) 



lim — 

m^oo Em J e^l 



\^T{s)-ieJds = ^ 



holds by (f4TT]l . (f4T2]l and (lilHIl for j = 1, . . . , iV. 



Moreover it follows that 



(4.20) 
and 

(4.21) 



1 



< 



lim — 



|Vr(s)-C(s)rds= lim / \^°°{ems')-^l:f{ems')\'ds 

= (a-oiV'r(+o)-V'r(+o)P- 



12 
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Hence we obtain 

iV'r(+o)-V'f (+0)1 = 

iov ij = l,...,N since (f4T9]l . (filM]) and (jMl]). Then it follows that 
(4.22) Vr(+0) = • • • = ^^^(+0) = lim =: v 



oo 

= : y; 

A;— >oo ' 



by taking some suitable subsequence {^em^}k^=i of {'?£m}m=i- Therefore we can define a contin- 
uous function G H^{G) as 

J V'f (s) on cj = {s \ < s < Ij} for j = 1, . . . , TV, 

"17;°° at O. 



Lastly, we prove (j4.10p . Here we replace to for simplicity. Because of Lemma 14.21 we 
have to prove only this limit condition: 

(4.23) lim / lu'" - i;^ o f,J^ dfi,^ = 0. 



Now, we have 



W Jja ' idEj, 



Hence (jilM]) holds since ([Ml), (l4:22]l and Lemma lU (2). □ 

5. Convergences of energy functionals 

We discuss our main theorem 15.31 in this section. 

Theorem 5.1. The functional sequence {(/^ejeg/ defined by 13. 9\) T-converges to the function ip 
defined by ^3.10\) as e —?■ +0 in the sense of Definition \2.4\ 



proof. We have to prove that the two conditions (Fl) and (F2) in Definition 12.41 are satisfied. 

First, we check (Fl). To do so, let {u^}eei with E L'^{Q^,dfis) be any functional sequence 
which converges strongly to some function tp S L'^{G) as e ^ +0 in the sense of Definition 12. 2[ 
Now we have to show that 

(5.1) (/9(V') < liminf (^^(m^). 

e-!-+0 

If liminf ip^iu'^) = +00, then (15. ID is trivial. So we can assume that 

£-> + 

liminf (pe{u^) < +00. 
e—>-+0 

Hence we are able to take some suitable subsequence {u^^jj^^^ for \ which there exists 
a constant C > such that 

(n"^™) <C (m e N), liminf cpeiu'^) = liminf ips^{u'^"'). 

£— >+0 m— J-oo 

In this case, {u'^"^}^^i satisfies the condition (j4.ip . that is 

sup {v.f^(n^-) + < +00. 

By Lemma 14.41 some subsequence of {u^"^}^^-^ converges strongly to a function ip^ G H^{G) 
in the sense of Definition 12.21 Therefore it follows that 



V; = ^-G/7i(G), lim ||n^™-Vo/,^||i2(n,™,dM.™)=0. 
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We fix a positive constant 6. Then, for < e < S/l we can divide domains as follows: 

N 

= 4 U y Die, := {x = Rjy G M" | 5 < yi < |y'| < e}. 

i=i 

Here we prepare a useful lemma about functionals on tubular domains. This lemma is proved 
by only direct calculations. So we omit it here and prove in the end of this proposition's proof. 

Lemma 5.2. Let := (0, L) x Bgr be a tubular domain and be a following bilinear form on 
L''{Q„df,e): 

[ +00 otherwise 

for < e < 1. Suppose that a functional sequence {g^}o<s<i with g'^ G L?'{Q^,djjLs) con- 
verges strongly to some function g G L^{0,L) as s ^ +0 in the sense of Definition \2.2\ and 
{£'e(5(^)}o<£<i is bounded. Then g G H^{0,L) and the following inequality 

I \g'{s)\^ ds <\iuiini Eeig") 
Jo 

holds. 

Because Dj^ are tubular domains for fixed 5, we can apply this results. So we obtain 



< liminf / iVn^^pd^^^ 



So the following inequality 

Af »/^ N 



V f ' \ij'As)\^ds <limmfy" [ iVu^'" P d//^ 



< lim inf ip^ (n^™ ) 
holds for 5 > 0. By tending 6 — > +0, we obtain that 

(5.2) (^^(V) = E / ' \^'M\'ds < liminf ^^Ju'^) = liminf v^f (n^). 

— ^ Jq m—>-oo £— >+0 

On the other hand, it follows that by the transformation of variables x = £mZ 



dz 



Jem ^™ ^ ^™ ^ '^Em 



From the same arguments in the proof of Lemma 231 we obtain that 
(5.3) hm ^L(n^'") = / ^ V{zmO)\' - = ^.^(V). 

m— )-oo -1 J id 

So and dO} imply ([51]), that is the condition (Fl). 

Next, we check (F2). For any tp G D{(p) = H^{G), we have to make a functional sequence 
{«^}eg7 with G L'^{Qe,dfis) such that 

(5-4) ^Um^ ||n^ - o /e||L2(n„d/.e) = 0' fe{u^) = ^W- 



14 



HIROTOSHI KURODA 



Since ipj £ H^{0,lj), we can define the functions V'j £ H^{£l,lj) as 

^P^.{s) := ijj{-f,{s)), -Zeis) := j-^^is - d) {el < s < Ij) 
for j = 1, . . . ,N. Moreover we can define the function G C(r2e) as 

u (x) := < 

Hereafter we show that {n^}£g/ satisfies ()5.4p below. 



To prove the first condition of (15. 4p . we estimate the fohowing norm 



= / mo)-{i^of,){x)\^dx+Yl r ms)-i^,{s)\''ds 

JJe ~i J el 

I T I ^ fl 

< \mo) - V'iiioo(a)-^ + E / ' iv'.(7.(«)) - V'.c^)!' 

- 1 Jel 



Hence this hmit condition 



holds since (|3.4p and 7e(s) — > s as e — > +0. 

To prove the second condition of (j5.4p . we use the transformation of variable t = "ye{s). 



we have 



\Vu'{x)\^d^e = Y. 



el 



N ,1 



ds 



ds 



el 



N 



j=l 3 



U 



U — si 



WjiWdt. 



Therefore G H^i^e) = D{ip^) and 

N pi 

(5.5) hm v^f (n-) = J] / ' W,{t)\^ dt = ^^{^). 



Also we obtain that 



(5.6) 



ip'Aul= / ^y(^)|V(0)l 



1 fx 



dx 



|V^(0)|2 



we 



n-l 



■J e^ J 



V{z)dz 



for £ £ I. Since (|5.5p and (|5.6p . the sequence {n^l^g/ satisfies (|5.4p . 
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By above argument, the proof is completed. Lastly, we prove Lemma [ 
(Proof of Lemma I5.2jl 

We define a functional sequence {h^} C L'^{Qi, d^i) as h^{y) := g'^{yi,ey'). Then by the 
direct calculations we have 



/i^ - 5 o vTi p d/ii = / 1/ - g ovTipd/ig — > (e +0) 



and 



Hence {h^} is bounded in H^{Qi,dfii). Therefore we obtain that g € H^{Qi,dfii) and 



|c/'pd;Ui < liminf / \Vh^\^ dfii. 



Since above inequalities it follows that 
rL 



g'is)\'^ds = f b'pd/ii < liminf Ei{h') < liminf E,{g^). 
This is the conclusion of lemma which we omit to prove before. □ 



Theorem 5.3. The functional sequence {(ps}eei defined by Ii3. 9\) Mosco converges to the function 
(p defined by i3.10\) as e ^ +0 in the sense of Definition \2.5l 



proof. This statement follows from Proposition 15.11 (P-convergence) , Lemma 14.41 (asymptotic 
compactness) and Lemma [221 □ 

Therefore we can apply Theorem 12.91 established by Kuwae and Shioya |10j . 

6. Remarks about more general network case 

We consider about simple thin domains, which have a single junction point, on the previous 
section. So we remark more general case. 

It is not difficult to see that our previous arguments work (by refining the transformation of 
variables in the tubular domains which both side are junction domains) if a connected graph 
G = {V, E) satisfies the following conditions: 

(1) The set of all edges E is finite. 

(2) All edges have a finite length. 

Because under these assumptions, thin domains 0^ is bounded, we can apply the compactly 
embedding theorem in each part. 




Figure 5. network shaped graph G 
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